A theoretical ab initio approach for calculating bound states of small atoms is developed and implemented. The approach is based on finite-nuclear-mass [non-Born-Oppenheimer (non-BO)] nonrelativistic variational calculations performed with all-particle explicitly correlated Gaussian functions and includes the leading relativistic and quantum electrodynamics energy corrections determined using the non-BO wave functions. The approach is applied to determine the total and transition energies for the lowest four 2 S electronic excitations of the boron atom. The transition energies agree with the available experimental values within 0.2-0.3 cm −1 . Previously, such accuracy was achieved for three-and four-electron systems.
The calculation of atomic energy levels and transition frequencies with the spectroscopic precision remains one of the most formidable problems since the early days of quantum theory. The main challenge is to overcome the rapid exponential growth in the amount of computations with the increase in the system size (number of electrons) while retaining the high accuracy in the calculations. In the past several decades, many successful quantum-chemical approaches have been developed that brought dramatic advances to the electronic structure theory and opened up ways for numerous applications. However, many of these methods are capable of reaching only chemical accuracy (of the order of 1 kcal/mol) and often cannot effectively deal with excited states.
The problem of precise determination of the atomic energies and other basic properties stems not only from the strong interaction between the particles, but also from more subtle effects due to relativism, quantum electrodynamics (QED), and finite nuclear mass and size. Until about a decade ago, the largest system that could be treated at the truly spectroscopic level of accuracy was the lithium atom [1, 2] . In 2006-2007, there were works [3, 4] on the lowest excitation energy of the beryllium atom that employed allelectron explicitly correlated Gaussian functions (ECGs). The obtained value for the 3 1 S → 2 1 S transition energy in these works was within the experimental error bar from the value obtained in the experiment by Johansson [5, 6] .
In this Letter, we report on a next step in the journey; high precision state-of-the-art fully correlated calculations of five-electron systems can now be performed with similar accuracy as achieved previously for He, Li, and Be.
There have been some high-accuracy calculations concerning boron ground and excited states before. In 2011, we presented calculations performed for the two lowest 2 P and the lowest 2 S states of boron performed with 5100 ECGs [7] . In 2015, Puchalski, Komasa, and Pachucki [8] also calculated the boron ground 2 P state and the first excited 2 S state using 8192 ECGs. Their calculations included the leading relativistic and QED corrections.
Since the work on Be [4] was published, several important upgrades have been implemented in the theoretical approach used in the calculations. The ArakiSucher and Kabir-Salpeter terms, which appear in the QED correction, have also been implemented in the non-BornOppenheimer (non-BO) approach. The computer code has been made more efficient in terms of the parallel performance. Also, a regularization approach (which we call "drachmanization" [9, 10] ) has been implemented in the calculation of certain expectation values with the non-BO wave functions. The new approach now allows for performing calculations on a five-electron atom with a similar accuracy as achieved in our Be calculations done in 2007. The present work concerning the lowest four excited 2 S states of the boron atom (i.e., states 3 1 S, 4 1 S, 5 1 S, and 6 1 S) is the first in a series studies concerning five-electron systems that demonstrates this new capability.
In recent years, various types of ECG basis functions have been used in very accurate variational atomic and molecular calculations performed with an approach where the BO approximation is not assumed [11] [12] [13] . In this approach, the motion of the electrons is treated on equal footing with the motion of the nuclei. With that, effects due to the finite nuclear mass such as isotope shifts of the spectral transitions, relativistic recoil effects, etc., can be directly determined without resorting to the perturbation theory.
The advantage of using ECGs in atomic and molecular calculations over other types of explicitly correlated functions, such as Slaters or Hylleraas-type functions [14] [15] [16] [17] [18] , is due to the ease in calculating the multiparticle matrix elements with them. Moreover, the expression for the total energy obtained using ECGs can be easily analytically differentiated with respect to the Gaussian exponential parameters, and the energy gradient can be determined. The use of the analytic gradient is crucially important, as it allows for very efficient variational optimization of the wave function, which is necessary to achieve high accuracy in the calculations.
10 B and 11 B atoms are six-particle systems each consisting of five electrons and a nucleus. After separating out the motion of the center of mass [12] , the six-particle problem is reduced to an effective five-particle problem. The resulting internal nonrelativistic Hamiltonian H nr for the boron atom has the following form in atomic units (a.u.):
where q 0 ¼ þ5 is the nuclear charge, For light atoms, the most practical approach to account for relativistic and QED effects is to expand the total energy in powers of the fine structure constant [19, 20] :
where E nr is an eigenvalue of the nonrelativistic Hamiltonian (1), α 2 E ð2Þ rel includes the leading relativistic correction, and α 3 E ð3Þ QED and α 4 E ð4Þ HQED represent the leadingand higher-order QED corrections, respectively.
Quantities E
rel , E ð3Þ QED , and others can be evaluated in the framework of the perturbation theory using the non-BO nonrelativistic wave function corresponding to E nr as the zero-order solution. They represent the expectation values of some effective Hamiltonians. In this work, E ð2Þ rel corresponds to the Dirac-Breit Hamiltonian in the Pauli approximation [21, 22] . In the case of S states, this Hamiltonian contains the following contributing terms:
traditionally referred to as the mass-velocity, Darwin, orbitorbit, and spin-spin terms. In the internal coordinates their explicit form is given by [12] 
where s i are spin operators for individual electrons and δðrÞ is the Dirac delta function. E
QED is the expectation value of the operator [23] [24] [25] 
Here the expectation value of Pðr −3 ij Þ is determined as
where ΘðrÞ and γ ¼ 0.577… are the Heaviside step function and the Euler-Mascheroni constant, respectively [23, 24] . In our calculations, we did not include the Bethe logarithm ln k 0 .
Lastly, E
HQED is estimated as the expectation value of the following operator:
representing the dominant part of the so-called one-loop term [15] . The basis functions used in this work to calculate the 2 S states of 10 B and 11 B are the following ECG functions:
where ⊗ denotes the Kronecker product, r is a vector of the internal Cartesian coordinates of the five moving particles (for the B atom, r is a 15 × 1 vector), L k is a lower triangular matrix of nonlinear variation parameters (5 × 5 matrix), and
The spin-free formalism is used to implement the correct permutational symmetry and properly evaluate all necessary matrix elements. In this formalism, an appropriate symmetry projector is applied to the spatial parts of the wave function to impose the desired symmetry properties. The symmetry projector can be constructed using the standard procedure involving Young operators as described, for example, in Ref. [26] . In the case of the 2 S states of boron, the permutation operator can be chosen as ð1 − P 13 Þð1 − P 15 − P 35 Þð1 − P 24 Þð1 þ P 12 Þð1 þ P 34 Þ, where P ij denotes the permutation of the spatial coordinates of the ith and jth electrons. The above operator yields 5! ¼ 120 terms for the matrix elements of the Hamiltonian and overlap.
The linear coefficients c k in the expansion of the wave function in terms of the basis functions and the nonlinear parameters (i.e., matrices L k ) are determined by performing a minimization of the total energy based on a multistep approach that employs the analytic gradient [12] . The variational calculations are performed separately and independently for each state; i.e., for each state a different basis set is generated.
The calculations involving growing the basis sets up to 15 000 functions are performed for the 11 B boron isotope. Once the basis sets are generated, they are used to perform calculations for the 10 B isotope, as well as for the boron atom with infinite nuclear mass, ∞ B. The ∞ B results provide a benchmark set of energies for comparison with the conventional BO calculations.
The results of the calculations are summarized in Table I . The table shows the convergence of the nonrelativistic energies of the four 2 S states of 11 B with the number of basis functions. Also, the convergences of the expectation values of some operators that contribute to the relativistic and QED corrections are shown. In the table, we also 
The present results for the lowest 2 S state can be compared with the result of Puchalski, Komasa, and Pachucki [8] . They used 8192 ECGs and obtained the ∞ B nonrelativistic energy for the lowest 2 S state of −24.471 393 366 hartree. This is marginally lower than our previous 5100-ECGs result of −24.471 393 06 hartree [7] but less converged than our present result of −24.471 393 609 hartree obtained with 14 000 ECGs. To test how well converged this latter result is, the basis set has been further enlarged to 15 000 ECGs and thoroughly optimized. The ∞ B nonrelativistic energy obtained is −24.471393622 hartree. This value is close to the energy obtained by extrapolation to a complete basis set (see Table I ) and testifies to the accuracy level achieved in the present calculations. The basis sets of the remaining three states are also grown to 15 000 ECGs.
Examining further the total nonrelativistic energies of 11 B shows that the convergence at the level of 5 × 10 −8 hartree (or 2 × 10 −9 in relative terms) is reached for the lowest state. For the highest 6s state, we estimate the convergence at the level of 10 −6 hartree (or 3 × 10 −8 in relative terms). In order to improve the convergence of certain expectation values, we use regularization approaches similar to those described in Refs. [9, 10] . Expectation values obtained this way are labeled with a tilde.
The total nonrelativistic energies and the energies that include the relativistic and QED corrections are used to calculate the transition energies between the states. The results are shown in Table II and compared to the values derived from the experimental data [27] . As one can see, the transition energies obtained in the present calculations agree with the experimentally derived values within about 0.2-0.3 cm −1 . The contribution from the relativistic corrections varies with the transition. For the lowest 4s → 3s transition it is equal to about 2.5 cm −1 , while for the 6s → 3s transition it is equal to about 10 cm −1 . The inclusion of the lowestorder QED correction changes the transition energies by about 0.3 − 1.5 cm −1 , respectively. By far, the largest numerical uncertainty (by this, we mean the uncertainty due to the use of finite basis sets) in our calculations comes from the nonrelativistic energy. The numerical uncertainty in relativistic and QED corrections is at least an order of magnitude smaller in absolute terms. However, the second major contributor to the discrepancy between our computed transition energies and the experimental data originates from the missing Bethe logarithm and the approximate nature of expression (5) for H HQED . PRL 118, 043001 (2017) P H Y S I C A L R E V I E W L E T T E R S week ending 27 JANUARY 2017 043001-4
The observed difference provides a rough estimate of the neglected effects.
It is well known that the dominant contribution to the Bethe logarithm in small atoms comes from the core electrons. Thus, these values are very close to each other for different bound states of the same atom (see, for example, [28, 29] ). Hence, the corresponding change in the transition energies due to the Bethe logarithm is relatively small. According to our estimates based on the behavior of the Bethe logarithm for B þ [29] , the uncertainty due to the omitted Bethe logarithm term in our present calculations is of the order of 0.1-0.2 cm −1 . Estimating the uncertainty due to missing terms in H HQED is a more difficult task. The one-loop term (5) should account for 80%-90% of the total α 4 correction to the total energy. However, when the transition energies (e.g., differences) are computed, the contribution due to the one-loop term largely cancels out. Therefore, the missing terms might be equally important. We conservatively estimate the corresponding uncertainty at the level of 0.01-0.05 cm −1 . The present calculations allow for determining the shifts of the transition energies in going from 11 B to 10 B. The shifts are −0.089, −0.127, and −0.188 cm −1 for the 4s → 3s, 5s → 3s, and 6s → 3s transitions, respectively. These shifts are close to the experimental values of −0.091ð94Þ, −0.117ð54Þ, and −0.13ð20Þ cm −1 , though the experimental uncertainties in those values, particularly for the last one, are quite high.
In summary, a new approach for calculating bound states of small atoms has been developed and implemented. It is used to determine the transition energies between the lowest four 2 S excited states of the 11 B and 10 B isotopes of the boron atom. The nonrelativistic energies of the four states of the main 11 B isotope are calculated with the variational method that makes use of extended sets of all-electron ECG functions and an approach that does not assume the Born-Oppenheimer approximation. In this, we differ from other approaches, such as the one employed by Puchalski, Komasa, and Pachucki [8] , where the BO energies are calculated first and then corrected for the finite mass of the nucleus using the perturbation theory. Even though the non-BO effect on the total energy of boron is very small and can be adequately described using the perturbation theory, their inclusion in the direct variational calculations, as done in the present work, simplifies the approach, adding very little to the computational time. In the second step, we calculate the leading α 2 relativistic and QED correction for each state. The comparison of the transition energies with the experimental values shows an agreement at the level of 0.2-0.3 cm −1 . Lastly, the total energies of the 10 B isotope using the basis sets generated for 11 B are calculated. The differences of the corresponding transition energies of the 11 B and 11 B isotopes give the isotopic shifts, which agree with the experimental values within the experimental error bars.
